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- Perelman
[30] Perelman [31] Rodnianski-Schlag-Soffer
. Merle Liouville ’
[20, 21, 22, 24, 25, 26], , $\mathrm{K}\mathrm{d}\mathrm{V}$
RLW 1990




$u_{t}+uu_{x}+$ uxirx $=0$ for $x\in \mathbb{R},$ $t>0$ ,
$u(x, 0)=u_{0}(x)$ for $x\in \mathbb{R}$ ,
RLW
(RLW) $\{$








$u_{t}+uu_{x}+uxxx=0$ for $x\in \mathbb{R}$ , $t>0$ ,
$u(x, 0)=u_{0}(x)$ for $x\in \mathbb{R}$ ,













$E(u)= \int_{\mathrm{R}}(\frac{1}{2}u_{x}(t, x)^{2}-\frac{1}{p+1}$ |u(t, $x$ ) $|^{p+1})dx$ ( ),
$N(u)= \int_{\mathrm{R}}u(t, x)^{2}dx$ ( ),
2 . , $H^{1}(\mathbb{R})$ ,
. , .




$\sup_{t\geq 0y}\inf_{\in \mathrm{R}}$ |u(t, $\cdot$ )-\mbox{\boldmath $\varphi$} $($ . $+y)|_{H^{1}(\mathrm{R})}<\epsilon$
.
( ) , ( ) .
H norm .
, $c_{1}\simeq c_{2}$ $|\varphi_{c_{1}}-\varphi_{c_{2}}|_{H^{1}}\simeq 0$ ,
|\mbox{\boldmath $\varphi$} 1 $(\cdot-c_{1}t)-\varphi_{c_{2}}(\cdot-c_{2}t)|_{H^{1}}\simeq|\varphi_{c_{1}}|_{H^{1}}$
.
(gKdV) \mbox{\boldmath $\varphi$} , $N(u)=N$ (\mbox{\boldmath $\varphi$}c) , $E$ (u)
.
Cazenave-Lions [8], Berestycki-Cazenave [3], Grfllakis-Shatah-Strauss [11]
, , $N(u)=$
$E$ (u) ,
. Weinstein [39] Bona-Souganidis-Strauss [5] $\mathrm{K}\mathrm{d}\mathrm{V}$
,
N(\mbox{\boldmath $\varphi$}c) $>0$ ,
$\frac{d}{dc}N(\varphi \mathfrak{d}<0$ ,
. (gKdV) , $1<p<5$ $tp>5$
($p=5$ Martel-Merle [17] )
Weinstein . u0=\mbox{\boldmath $\varphi$} $(x-\gamma_{0})+v_{0}$ , $c$
$\gamma(t)(t\geq 0)$ $N(u)=N$(\mbox{\boldmath $\varphi$}c),
(4) $\langle v(t), \partial_{y}\varphi_{\mathrm{c}}\rangle=0$ , $v(t)=u(t, \cdot+\gamma(t))-\varphi_{c}$
. , $\langle u, v\rangle:=\int_{\mathrm{R}}$ uvdx .
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$E$(u), $N$ (u) (gKdV) ,





$=S_{c}(u$ ($t,$ $\cdot+\gamma$(t))-S: $(\varphi_{c})$
$=\langle$D2S$c(\varphi_{\mathrm{C}})$v(t), $v$ (t) $)+O$ ( $|$v(t) $|_{H^{1}}^{3}$ )
.
$p\in$ $(1, 5)$ , $L_{c}:=D^{2}S_{c}(\varphi_{c})=-\partial_{y}^{2}+c-f’(\varphi_{c})$ $\nu$
$v\in H^{1}(\mathbb{R})$ $\langle v, \partial_{y}\varphi_{c}\rangle=\langle v, \varphi_{c}\rangle=0\Rightarrow\langle L_{c}v, v\rangle\geq\nu|v|_{H^{1}}^{2}$
.
$v_{||}= \frac{1}{|\varphi_{c}|_{L^{2}}^{2}}\langle v,$ $\varphi_{c})_{\mathrm{f}_{C}}=-\frac{1}{2}|v.|\mathrm{R}2|_{\mathrm{A}_{\mathrm{C}}}|_{L^{2}}^{2}\varphi_{c}$ ,
$v=v_{[perp]}+v||$ ,
,
$\langle Lv,v\rangle=\langle Lv[perp], v_{[perp]}\rangle+O(|v|_{H^{1}}^{3})$
$\geq\nu|v_{[perp]}|$B$1+O$ ( $|$v $|$ B1)
$\geq\frac{\nu}{2}|$v $|_{H^{1}}^{2}$ .
$|\delta S|$ ,












PegO-Weinstein $[32, 33]$ (gKdV) $H_{a}^{1}$ :
$\{v||v|_{H_{a}^{1}}:=|e^{ax}v|_{H^{1}(\mathrm{R})}<\infty\}$ .
. (gKdV) $u$
(6) $u(t, x)=\varphi$c(t) $(x-x(t))+v(t,x-x(t))$
. $x$ (t), $c(t)$




(8)A \partial y\mbox{\boldmath $\varphi$}c $=0$ , Ac0c\mbox{\boldmath $\varphi$} $=\partial_{y}\varphi_{\mathrm{c}}$
, 0 $\varphi_{c(t)}$ A .
$L_{a}^{2}=\{v|e^{ay}v(y)\in L^{2}(\mathbb{R})\}$ $(a>0)$
, $\tilde{A}_{c}=e^{ay}A_{c}e^{-ay}$ $L^{2}$ . $\tilde{A}_{c}$
$-(\partial_{y}-a)^{3}+c(\partial_{y}-a)=\{-\partial_{y}^{3}+(c-3a^{2})\partial_{y}\}+3a\partial_{y}^{2}-a(c-a^{2})$
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, $a<\sqrt{c}$ , . (8)
,
$\tilde{A}_{c}\xi_{1}=0$ , $\tilde{A}_{c}\xi_{2}=\xi$1,
$\xi 1=e^{ay}\partial_{y}\varphi_{\mathrm{c}}$, $\xi 2=e^{ay}\partial_{c}\varphi_{c}$ ,
. $p\in$ $(1, 5)$ PegO-Weinstein [32]
, $\tilde{A}_{c}$ 2 0 , $\tilde{A}_{c}$
$\sigma(\tilde{A}_{c})$ $b$
(9) \sigma (A )\subset $\{0\}\cup\{\lambda\in \mathbb{C}|{\rm Re}\lambda<-b\}$
.
Remark 2A $L^{2}$ (R) .
$\overline{A}_{c}^{*}$ 0 $\eta_{1},$ $\eta_{2}$ $\langle$ $\xi_{i},$ $\eta_{j})=\delta_{ij}$ (i, $j=1,2$)
. , 0 $\tilde{A}_{\mathrm{c}}$ spectral projection $P_{c}$
$P_{c}u= \sum_{i=1,2}\langle u, \eta_{i}\rangle\xi_{i}$
.
$Q_{c}=I-P_{\mathrm{c}}$ , (9) A $e^{t\tilde{A}_{\mathrm{c}}}$
$|$e
$t\tilde{A}$
.Q$\mathrm{c}$f $|L2\leq Ce^{-bt}|f|_{L^{2}}$ ,(10)
$|e^{t\tilde{A}_{c}}$Q$cf|H1\leq Ct^{-\frac{1}{2}}e^{-bt}|f|_{L^{2}}$ ,
$\wedge$ $v$ (t) $H_{a}^{1}$ (R) (10)
, (6) $w(t)=e^{ay}v(t)\in \mathrm{R}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}$ $Q_{c(t)}$ .
(11) $\langle$$w(t),$ $\eta 1)=\langle$w(t), $\eta 2)=0$




$|v(0)|_{H^{1}}+|v(0)|_{H\mathrm{H}}$ , $(7)-(12)$ $v$ (t)
(13) $|$w(t) $|H\mathrm{J}\leq Ce-bt|$w(0) $|_{L_{a}^{2}}$
. (12) (13) , $c_{+}>0$ $\gamma_{+}\in \mathbb{R}$
$tarrow\infty$
$c(t)arrow c_{+}$ , $x(t)arrow c_{+}t+\gamma_{+}$
.
PegO-Weinstein .
(10) . , (RLW)
(Miller-
Weinstein [29] $)$ . ( )
([27]).









$cQ”-(c-1)Q+ \frac{1}{2}Q^{2}=0$ for $x\in \mathbb{R}$,
$\lim_{|x|arrow\infty}Q(x)=0$,
, (RLW)
$\{Q_{c}(x-ct+\gamma)|c\in(1, \infty), \gamma\in \mathbb{R}\}$
. (14)




$E(u)= \int_{\mathrm{R}}(u^{2}+\frac{1}{3}u^{3})dx$ ( ),
$N(u)= \int_{\mathrm{R}}(u_{x}^{2}+u^{2})dx$ ( )
.
Q (14) -ddcN(Q )>0 (RLW) .
(RLW)









Martel-Merle $\mathrm{A}\backslash$ , $H^{1}$ (\searrow \succ
( ) .
Theorem 1 Let $u_{0}\in H^{1}(\mathbb{R})$ and let $u(t)$ be a solution to (RLW) on $\mathbb{R}_{+}\cross \mathbb{R}$ with $\alpha:=$
$\inf_{y\in \mathrm{R}}|u_{0}-Q_{\mathrm{c}_{0}}(\cdot+y)|_{H^{1}}$ . Then there exist a $c_{*}>1$ and an $\alpha_{0}>$ 0satisfying the following:
(i) Suppose $c_{0}\in(1, c_{*})$ and $\alpha\in(0, \alpha_{0})$ . Then, there exist a $c_{+}>1$ and a $C^{1}$ -function
$x(t)$ such that
$u$ ($t,$ $\cdot$ +x(t))\rightarrow Q + in $H^{1}(\mathbb{R})$ ,
and $x_{t}arrow c_{+}$ as $tarrow\infty$ .
(ii) The conclusion of (i) holds for the speed $c_{0}\in[c_{*}, \infty)$ , except for an exceptional set
of values that have no finite accumulation point.
Remark 3Theorem 1 ,
148
(H3) 0






(RLW) $u$ (t, $x$ ) .
(15) $u(t, x)=Q_{\mathrm{c}(t)}(x-x(t))+v(t, x)$ ,
(H1) $(v(t, \cdot),$ $(\partial_{x}^{2}-1)Q_{c(t)})=(v(t, \cdot),$ $\partial_{x}$Qc(t) $)=0$ .
(RLW) (15) ,
$(1-\partial_{x}^{2})v_{t}=\mathit{0}x$ Lc(t)v $+$ { $(i-$ C)0x-p$c$} $(1-\partial_{x}^{2})$Qco)
(16)
$+$ ($\dot{x}-$ c)(1-t $x2$ )v$x-v\partial_{l}v$ ,
.
PegO-Weinstein (10),(13)
, Lemma 2 Lemma 3
$\psi(x)=\frac{b}{2}\int_{-\infty}^{x}e^{-b|y|}dy$,
$I(t)= \int_{\mathrm{R}}\psi(x-\sigma t)$ ($u_{x}$ (t, $x)^{2}+u(t,$ $x$ ) 2)dx,
$oI_{e0}(t)= \int_{\mathrm{R}}\psi(x-\sigma t-x_{0})$ ($u_{x}$ (t, $x)^{2}+u(t,$ $x$ ) 2) $dx$
. $I_{x_{\mathrm{O}}}$ $x_{0}$ $H^{1}$-mass .
Lemma 2 (Monotonicity lemma) For any $\sigma>1$ and $b\in(0, \mp^{2(\sigma-1}\sigma 1)$ , there exists an
$\epsilon_{0}>$ 0such that $if|u_{0}|_{H^{1}}\leq\epsilon$0, $I(t)$ is monotone decreasing in $t$ .
Remark 4Lemma 2 $H^{1}$ -norm ,
. , 1 .
Lemma 2 $\sigma>1$ $|u_{0}|_{H^{1}}$ .
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Lemma 3 (Almost monotonicity) Let $\sigma>1,$ $\delta>0$ and $b \in(0, \frac{2(\sigma-1)}{\sigma+1})$ . Let $x(t)$ and
$c(t)$ be $C^{1}$ -functions satisfying $\mathrm{i}(t)>(1+\delta)\sigma$ and $c(t)>\sigma$ . Then there exists an $\epsilon>0$
such that if $\sup_{t\geq 0}|v$ (t) $|_{H}1\leq\epsilon$,
$I_{x_{0}}(t)-I_{x_{0}}(0)\leq Ce^{bx_{\mathrm{O}}}$ for every $x_{0}\leq 0$ and $t\geq 0$ ,
where $C=C(\sigma, \delta, b, \epsilon)$ .
$u$ (RLW) , $y0>0$ Lemma 3
$J_{L}(t)= \int(1-\psi(x-x(t)+y_{0}))(u_{x}(t, x)^{2}+u(t, x)^{2})dx$ ,
$J_{R}(t)= \int\psi$(x-x(t)-y0) $(ux0, x)^{2}+u(t, x)^{2})dx$ ,
$\forall t’\in[0, t]$




Proposition 4 (Liouville Theorem) Let $\alpha 1>0$ be a sufficiently small number and let
$c_{*}>1$ bea positive number given in Theorem 1.
(i) Suppose that $v(t)\in C([0, \infty);H^{1}(\mathbb{R}))\cap L$“ $([0, \infty);H^{1}(\mathbb{R}))$ is a solution to (16) on
$\mathbb{R}\cross \mathbb{R}$ satisfying $|$v(0) $|_{H}1\leq\alpha$1, (H1) and the following assumption:
For all $\delta>0,$ there exists an $A>0$ such that for any $t\in \mathbb{R}$ ,
(H2)
$\int_{|x|>A}(\partial_{x}v(t, x)^{2}+v(t,x)^{2})dx\leq\delta$ .
Ihen $v\equiv 0$ on $\mathbb{R}\cross \mathbb{R}$ .
(ii) The conclusion of (i) holds for the speed $c_{0}\in[c_{*}, \infty)$ , except for an exceptional set
of values that have no finite accumulation point.




Proposition 4 , Theorem 1 - .
, $\sup_{t\geq 0}|v(t)|_{H^{1}}\leq C|v_{0}|_{H^{1}}$ , Theorem 1 hmn \infty $t_{n}=\infty$ ,
$c(t_{n})arrow$ ,
$v(t_{n}, \cdot)arrow\tilde{v}_{0}\not\equiv$ Oin $H^{1}(\mathbb{R})$
$\{t_{n}\}_{jn=1}^{\infty}$ .
$=Q_{\overline{c}_{0}}+\overline{v}_{0}$ (RLW) $\tilde{u}(t)$ , $\tilde{x}(t),$ $c$\tilde (t), $\tilde{v}(t)$ $t$
(H1) $\tilde{u}(t)$ . $\tilde{v}(t)$ (H2) ,
Proposition 4 $\tilde{v}(t)\equiv 0$ . Theorem 1 .
$\overline{v}(t)$ (H2) - (H2) , $\exists\delta>0$ such
that $\forall y0>0$
$\int_{|y|\leq 2y0}(\tilde{u}_{x}(t_{0}, x+\tilde{x}(t_{0}))^{2}+\tilde{u}(t_{0}, x+\overline{x}(t_{0}))^{2})dx\leq N(\tilde{u}(0))-\delta$
$t_{0}\in \mathbb{R}$ . , $y_{0}$
$\int\{\psi(x-\tilde{x}(t_{0})+y_{0})-\psi(x-\overline{x}(t_{0})-y_{0})\}$ ($\tilde{u}_{x}($t0, $x)^{2}+\tilde{u}(t_{0},$ $x)^{2}$ )
(18)
$\leq N(\tilde{u}(0))-\frac{9}{10}\delta$ ,
(19) $\int$ {$\psi(x+y0)$ $-\psi$(x-y0)} $( \overline{u}_{x}00, x)^{2}+\tilde{u}(t_{0}, x)^{2})\geq N(\tilde{u}(0))-\frac{1}{10}\delta$
. $u(t)$ $\tilde{u}(t)$ .
Lemma 5 (Stability on weak convergence for local time) Suppose
that $u(t_{n}, \cdot+x(tn))arrow u0$ in $H^{1}(\mathbb{R})$ as $narrow\infty$ . Let $\tilde{u}(t, x)$ be a solution to (RLW) with
$\tilde{u}(0)=\tilde{u}_{0}$ . Then, as $narrow\infty$ ,
$u(t_{n}+t, \cdot+x(tn))arrow\tilde{u}$ (t, $\cdot$ ) in $H^{1}(\mathbb{R})$ for every $t\in \mathbb{R}$ ,
$u(\cdot+tn’$ . $+x(tn))arrow\tilde{u}$ in $C([-t_{1},t_{1}];L_{1\mathrm{o}\mathrm{c}}^{2}(\mathbb{R}))$ for every $t_{1}>0.$
$v(t)=v_{1}(t)+v_{2}(t)$ ,
(20) $\{$
$(1-\partial_{x}^{2})\partial_{t}v_{1}-\dot{x}(1-\partial_{x}^{2})v_{1}$ +1) $(v_{1}+ \frac{1}{2}v_{1}^{2})=0$ ,
$v_{1}(0, x)=v_{0}(x)$ .
151




$\partial_{t}v_{2}-i\partial_{x}v_{2}+\partial_{x}(1-\partial_{x}^{2})-1v_{2}=\partial_{x}$( l $-\partial_{x}^{2}$ ) $-1g$11 $g_{2}$ ,
$v_{2}(0,x)=0$ ,








, $t$ $J_{L}$ , $J_{R}$ , $t_{n+1}-t_{n}\geq t_{0}$
,
(22) $J_{L}(t_{n+1})-J_{L}(t_{n}) \geq\frac{2}{5}\delta$
. (22) $J_{L}(t)\leq N$ (u(t)) .
Proposition 4
. $\alpha_{1}$ , Proposition 4
. (H1), (H2) 1 $arrow\infty|v_{n}(0)|_{H^{1}}=0$ (16) $\{v_{n}\}_{n=1}^{\infty}$
.
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(i) $a_{n}= \sup_{t\in \mathrm{R}}|v_{n}$ (t)|H1, $b_{n}= \sup_{t\in \mathbb{R}}|v_{n}$ (t)|L2 . , $C_{1},$ $C_{2}$ ,
$\theta$ $n\in \mathrm{N}$
(23) $b_{n}\leq a_{n}\leq C_{1}b_{n}$ ,
(24) $|v_{n}$ (t, $x$ ) $|\leq C_{2}b_{n}e^{-\theta|x|}$ $\forall$(x, $t$ ) $\in \mathbb{R}^{2}$
-
(ii) $\{t_{n}\}_{n=1}^{\infty}$ |vn(tn)|L2 $\geq$ -21b , $w(t)= \frac{v(t+t_{n}}{b_{n}}$ , $\mathrm{I}\mathrm{I}$)
$|$w$n$ (0) $|_{L^{2}} \geq\frac{1}{2}$
, $\{w_{n}\}_{n=1}^{\infty}$
(h1) ($w(t)$ , (\partial x2--yQ ) $=(w(t), \partial_{x}Q_{c_{0}})=0$ ,
(h2) $|$w(t, $x$ ) $|\leq Ce^{-\theta|x|}$ f$\mathrm{o}$r every $(t, x)\in \mathbb{R}^{2}$ ,
$_{\llcorner}^{-}$
(25) (l-\partial x2)\partial tw=0xL w+\beta (t)(l-\partial x2)\partial xQco
$w(t)\in C([0, \infty);H^{1}$ (R) $)$ .
$\beta(t)=\frac{1}{|\partial_{x}Q_{\mathrm{c}_{0}}|_{L^{2}}^{2}}(w(t), L\partial_{x}^{2}(1-\partial_{x}^{2})^{-1}Q_{c_{0}})$.
(iii) (25) Liouville $\text{ }$ local energy decay
.
Proposition 6 Let $w\in C([0, \infty);H^{1}(\mathbb{R}))\cap L^{\infty}([0, \infty);H^{1}(\mathbb{R}))$ be a solution to (25)
satisfying (h1) and (h2). Then, there exists a positive number $c_{*}>1$ satisfying the
following:
(i) If $c\in(1, c_{*})_{J}$
$w\equiv 0$ on $\mathbb{R}\cross \mathbb{R}$ .
(ii) The conclusion of (i) holds for the speed $c_{\mathrm{O}}\in[c_{*}, \infty)$ , except for an exceptional
set of values that have no finite accumulation point.
153
Martel-Merle $[17, 19]$ , (RLW) local ener
decay .
Martel-Merle-Tsai[23] ,
gKdV multi-pulse . (RLW)
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